Einstein-Hermitian 4-Manifolds of Positive 
Bisectional Curvature 



Mustafa Kalafat Caner Koca 
March 6, 2013 



Abstract 

We show that a compact complex surface together with an Einstein-Hermitian 
metric of positive orthogonal bisectional curvature is biholomorphically iso- 
metric to the complex projective plane with its Fubini-Study metric up to 
rescaling. This result relaxes the Kahler condition in Berger's theorem, and 
the positivity condition on sectional curvature in a theorem proved by Koca. 
The techniques used in the proof are completely different from theirs. 



1 Introduction 

Let (M, /) be a complex manifold. A Riemannian metric g on M is called a Hermi- 
tian metric if the complex structure / : TM — > TM is an orthogonal transformation 
at every point on M with respect to the metric g, that is, g(X,Y) = g(JX,JY) for 
tangent vectors X, Y £ TpM for all p € M. In this case, the triple (M,g, }) is called 
a Hermitian manifold. For Hermitian metrics we have further notions of curvature 
related to complex structure: The holomorphic sectional curvature in the direction of 
a unit tangent vector U is defined by 

H(lf) := Rm(U,JU,U,JU) 

i.e. this is the sectional curvature of the complex line (i.e. the /-invariant real plane) 
spanned by the real basis {U,JU}. One can also think of this as the restriction of 
the sectional curvature function on the Grassmannian of real 2-planes G2(TpM) 
to the Grassmannian of complex lines Gj-(TpM), i.e. the CP„_i-many complex 
lines at a point: 

H : Gf(TpM) — ► R. 

As an example, the complex projective spaces CP M with Fubini-Study metric are 
of constant positive holomorphic curvature 4. In general, the sectional curvatures 
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lie in the interval [1,4] and a plane maximizes the sectional curvature iff it is a 
complex line. 

Another related notion of curvature is the (holomorphic) bisectional curvature. 
For given unit vectors X, Y € TpM, the holomorphic bisectional curvature associ- 
ated to the pair (X, Y) is defined as 

H(X,Y) := Rm(X, /X,YJY). 

Note that the holomorphic sectional curvature is determined by the holomorphic 
bisectional curvature as 

H(X) = H(X,X). (i) 

A lot of results are known about holomorphic sectional and bisectional curvatures 
in the literature when the metric g is Kahler, i.e. when V/ = 0. First of all, the 
holonomy U(n) allows us to write the bisectional curvature as a sum of two 
sectional curvatures as follows: 



H(X,Y) =K(X,Y)+K(X,/Y) (2) 

where K(-, •) stands for the sectional curvatures (hence the name bisectional). Thus, 
for example, equations ((Tj and fll} imply that positivity of sectional curvature 
implies that of holomorphic sectional curvature, which in turn implies positivity 
of holomorphic bisectional curvature. Converse, however, is not necessarily true. 

One has a nice uniformization theorem for the Kahler metrics with constant 
holomorphic sectional curvature: 



Theorem 1.1 (Uniformization |Hl|Igu[). A complete Kahler manifold of constant holo- 



morphic sectional curvature A is necessarily a quotient of one of the following three models, 



1. A > ==> CP W endowed with Fubini-Study metric. 

2. A = ==> C n endowed with flat metric. 

3. A < => D" C C n endowed with hyperbolic metric. 



In particular such a metric has to be Einstein, i.e. of constant Ricci curvature. 
Moreover, a complete Kahler manifold of positive constant holomorphic sectional 
curvature is simply connected by [ Syn[|Kobl . This means that there is no quotient 



in the first case. Once the constant curvature case has been settled, one immedi- 
ately wonders what can be said about the non-constant case. In this direction, we 
know that the positive sign uniquely determines the biholomorphism type: 

Theorem 1.2 (Frankel conjecture, Siu-Yau Thm 1980). Every compact Kahler mani- 
fold of positive bisectional holomorphic curvature is biholomorphic to the complex projec- 
tive space. 
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This theorem does not, however, specify the metric in question. Nevertheless, 
if we in addition assume that the metric is Einstein, then the metric is unique, too: 

Theorem 1.3 ([Ber, IGKIO . An n-dimensional compact connected Kahler manifold with 
an Einstein (or constant scalar curvature) metric of positive holomorphic bisectional cur- 
vature is globally isometric to CP n with the Fubini-Study metric (up to rescaling). 

In this paper, we would like to relax the Kahler condition on the metric in 
Theorem [173] to merely being Hermitian in dimension 4. In this case, the holonomy 
is definitely not in 11(2), and hence the equation © is no longer valid. Our main 
theorem is: 

Theorem 1.4. If (M,g,J) is a compact complex surface together with an Einstein- 
Hermitian metric of positive holomorphic bisectional curvature, then it is biholomorphi- 
cally isometric to (C¥2,gfs), the complex projective plane with its Fubini-Study metric 
up to rescaling. 

We remark in passing that Koca proved an analogous result with the positivity 
assumption on the sectional curvature in ilKocfl . However, in the Hermitian case, 
positivity of sectional and bisectional curvatures are not related in general due to 
invalidity of equation §2$). Consequently we need different techniques. 

Einstein-Hermitian metrics on compact complex surfaces are classified by Le- 
Brun: 

Theorem 1.5 ([Le BiilD . If (M,g,J) is a compact complex surface together with an 
Einstein-Hermitian metric, then only one of the following holds. 

1. g is Kahler-Einstein(KE). 

2. M is biholomorphic to CP2UCP2 and g is the Page metric (up to rescaling). 

3. M is biholomorphic to CP2H2CP2 and g is the Chen-LeBrun-Weber metric (up to 
rescaling). 

In other words, an Einstein-Hermitian metric is either Kahler-Einstein to start 
with, or is one of the two exceptional models. These exceptional Einstein metrics 
are non-Kahler, but they are conformally Kahler. We refer the reader to (Pag| and 
IICLW1 for more on these metrics. 

By Theorem [173] we only need to consider the non-Kahler case. We start with 
proving the following main result: 

Main Theorem. Let M be a compact Einstein-Hermitian 4-manifold of positive holo- 
morphic bisectional curvature. Then the Betti number b 2 _ vanishes. 

As a consequence we have 
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Corollary 1.6. There is no Einstein-Hermitian metric of positive holomorphic bisectional 
curvature on any blow up 0/CP2. 

Since the underlying smooth 4-manifolds of the exceptional cases CP2jjCP2 
and CP2tt 2CP2 have non-zero \Pl, we deduce the following corollary from which 
Theorem [1T4I follows. 

Corollary 1.7. The Page and Chen-LeBrun-Weber metrics are not of positive holomorphic 
bisectional curvature. 

In §2] we prove the estimates and the main result. In ^3] we give a more careful 
analysis of the Page metric and provide an alternative proof of the fact that it is 
not of positive holomorphic bisectional curvature. 

Acknowledgements. We thank Claude LeBrun for this problem and his encour- 
agement. Also thanks to C. Tezer, Florin Belgun and Peng Wu for useful discus- 
sions, comments and inquiries. 

2 Estimates, Bisectional curvature and a Weitzenbock 
formula 

In order to understand the bisectional curvature of Hermitian metrics which are 
not Kahler, we will describe a way of computation of this curvature using 2-forms. 
Let X, Y be two unit tangent vectors on a Hermitian 4-manifold (M, J,g) . Then 

H(X,Y) = (K(X A/X),YA/Y) 

where 1Z : A 2 TM -4- A 2 TM is the curvature operator acting on 2- vectors. Note 
that X A /X and Y A JY correspond to two complex lines generated by {X, /X} 
and {Y,/Y}. 

We next describe the 2-form interpretation of the planes in the tangent space 
which will be useful. Sectional curvatures at a point p £ M can be thought 
as a function on the Grassmannian of oriented two planes in the corresponding 
tangent space: 

K:G+(TpM) — >R. 

In dimension 4 it is well-known that one can describe this Grassmannian in 
terms of 2-forms as [[Via] 

G+(7pM) w {(«,£) € (A 2 .© A 2 _) p : \a\ = \B\ = l/y/l} « S 2 x S 2 

where A± stands for the self-dual and anti-self-dual 2-forms, i.e. A^ = {cp G A 2 : 
*(p = ±</>}, where * is the Hodge-* operator determined by the metric g. 
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More explicitly, given an oriented plane in TpM, one can choose a unique 
orthogonal basis {e\, e{\, such that the wedge of their duals (with respect to g) 
e 1 A e 2 G A 2 is decomposable uniquely in such a way that e 1 A e 2 = a + (5 where 
a. G A 2 + , /3 G A 2 ., |a| = |jS| = 1/ \A2- Conversely starting with a decomposable 2- 
form a; € A 2 i.e. a; = A 8 for some 0,<5 G A 1 , the duals give an oriented 

basis for a plane. 

In this correspondence, a complex line in T p M corresponds to a 2-form of the 
form ^ + <p for an anti-self-dual 2-form <p G (A 2 ) p with |<p| = l/y/2, where a; G 
A 2 ^ is the associated (1, l)-form of the Hermitian metric g, i.e. co(-, ■) = g(J-, •). 
Notice that \co\ = \/2. With this correspondence in mind, we see that, given 
two unit tangent vectors X, Y G TpM we can express the holomorphic bisectional 
curvature as 

H(X,Y) = (K(^ + cp),^+ip) 

where the anti-self-dual forms cp,tp G (A 2 _)p of length l/v2 correspond to the 
complex lines spanned by the real bases {X, /X} and {Y,JY}, respectively. Here, 
1Z : A 2 — > A 2 is the curvature operator on 2-forms. 

Let us recall the decomposition of the curvature operator 1Z : A 2 — > A 2 . If 
(M, g) is any oriented 4-manif old, then the decomposition A 2 = A 2 ^ © A 2 implies 
that the curvature operator TZ can be decomposed as 

/ 



TZ 



\ 





\ 




f 


f 






J 



(3) 



where W 1 * 1 is the self-dual/anti-self-dual Weyl curvature tensor, s is the scalar 
curvature and f stands for the tracefree part of the Ricci curvature tensor r. 

Now we are ready to state and prove our first estimate lemma. Let (M,J,g) 
be a compact Einstein-Hermitian 4-manifold. In this case, according to a theorem 
of LeBrun in |LeB95|, such a space is either Kahler, or else they are conformally 
related to a Kahler metric g with positive scalar curvature s in such a way that 
g = s~ 2 g. Moreover, the non-Kahler Einstein-Hermitian metrics of Theorem [173} 
namely the Page metric and the Chen-LeBrun- Weber metric, are known to have 
(constant) positive scalar curvature. From now on, we will decorate the curvature 
expressions of the conformally related Kahler metric g with tilde (e.g. s, R, W etc.). 
We will denote the inner product of tensors with respect to g by (,)s. 

Lemma 2.1 (First Estimate). Let (M,J,g) be an Einstein-Hermitian metric which is 
not Kahler. Let g be the conformally related Kahler metric such that g = s~ 2 g. If g 
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has positive holomorphic bisectional curvature and A is an eigenvalue of the operator 
W_ : A 2 _ -4- A 2 , then we have 

Proof. Take two arbitrary unit tangent vector X, Y in TpM at an arbitrary point p, 
and let cp, tp € be the anti-self-dual 2-f orms of length 1 / \/2 corresponding to 
the complex lines {X,/X} and {Y,JY}, as described above. Keeping in mind that 
f = since g is Einstein and and A 2 are orthogonal with respect to g, we see 
by the decomposition of 1Z that 

H(X,Y) = (^(f + <p) ,f + 

= ((W + + ^)f +(W_ + ^) ( p / f + tp> 

= \(W + w,w)+j- 2 {\ + (q> f y)} + (W-q> f ip). 
Now, since g = s~ 2 g, we see that 

(W + 07,07) = (W+^wucji = s 2 (W_) ; /' s" 2 d) fc / s z cd^ = s 2 (W + d),<% 

It is well known [Derj that for Kahler metrics the Kahler form is an eigenvector 
of the self -dual Weyl operator, more explicitly W + d) = |d). Thus we see that 

(W+6),cd)g = |(d>, d))g = § and hence 

h(x,y) = £! + ^{i + (^)} + (w_^) 

Now, since the operator W_ : A 2 . — > A 2 , is symmetric, it is diagonalizable. Let A 
be an eigenvalue, cp € Ea C A 2 be a corresponding eigenvector with |<p| = 1/ y2 
(norm taken with respect to g). Choosing tp := — cp in the above equation yields, 

H(X,Y) = g + i{|-|^|2} + (g2^^> 
= + s 2 (-A<p,<p) = f^-As 2 |<p| 2 
= ?{f"A}>0. 

and hence | — A > 0, as required. □ 
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Lemma 2.2 (Second Estimate). Let (M,J,g) be an Einstein-Hermitian metric which is 
not Kahler. If g has positive holomorphic bisectional curvature, then for all cp £ A 2 _ with 
\<p\ = 1 / y2, we have 

JL-<W_<p,<p> >0. 
Proof. Inserting xp = —cp into the first equation of the previous proof yields, 
H(<p,-<p) = f 2 + j- 2 {l-\ (p \^-(W.cp / cp) = f 2 -(s 2 W.cp / cp) 

□ 

The following Weitzenbock formula will be used in the proof of the main result 
which involves the Weyl curvature. 

Theorem 2.3 (Weitzenbock Formula [BouJ). On a Riemannian manifold, the Hodge/modern 
Laplacian can be expressed in terms of the connection/rough Laplacian as 

(d + d*) 2 = V*V-2W + ^ 

where V is the Riemannian connection and W is the Weyl curvature tensor. 

Theorem 2.4. Let M be a compact, Einstein-Hermitian 4-manifold of positive holomor- 
phic bisectional curvature. Then the Betti number b 2 _ vanishes. 

Here b 2 _ stands for the number of negative eigenvalues of the cup product 
in H 2 (M) as usual. By Hodge theory, this number is equal to the dimension of 
anti-self-dual harmonic 2-forms on the Riemannian manifold (M,g). 



Proof. These spaces are either Kahler, or else conformally Kahler by [LeB95]. In 
the first case, according to the resolution ||SY] of Frankel's conjecture by Siu and 
Yau, the space has to be complex projective plane. By Theorem [TT3} the metric has 
to be the Fubini-Study metric. In the latter case, we can write g = s~ 2 g for g the 
Einstein, and g the Kahler metric. 

Assume, for a contradiction, there is a nonzero anti-self-dual 2-form cp G 
r(A'i) which is harmonic with respect to the Kahler metric g. Since we are on a 
compact manifold, we can rescale this form by a constant to have length strictly 
less than 1 / y2 everywhere. We write Weitzenbock Formula for the Kahler metric 



s 



= A E cp = V* Vcp - 2Wcp + -cp 
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Now we take the L 2 -inner product (with respect to g) of both sides with cp: 

0= / (Vcp,V(p)g-2(W(p,(p)g+U(p,(p)gd}ig 

JM o 
= ij^ll + S ~~ 4 {f - 2 ^-M>s}^ 

At the points where cp = 0, the term in the curly bracket is just the scalar curvature 
term, hence strictly positive. Let p be a point where cp\„ 7^ 0. Take an open 
set around p on which cp is nowhere zero. Now working on this open set, let 
cp := cp/\cp\\/2 so that |<p| = l/y/2. Since the conformally related cp is also anti- 
self-dual and of constant norm, the second estimate ^ > (W-<p,(p) is applicable 
for cp: 

{§-2<W_ M ) g } p = |-2(W_v / 2k|^V / 2k|^ 

-^6 2 - 12 u 

at the point p. Since the term in parenthesis is strictly positive everywhere we get 
Vcp = 0,s -4 = 0, a contradiction. So that no such cp exists implying b 2 ^ = 0. □ 

Remark 2.5. Theorem [2T4I is actually true under the weaker assumption that 
orthogonal bisectional curvatures are positive; that is, H(X,Y) > whenever X is 
perpendicular to Y and JY. Indeed, in the non-Kahler case, when establishing the 
inequalities in the proof of Lemma I2TH and Lemma I2T2I we only considered the 
case when cp = —ip, which corresponds to taking two orthogonal complex lines 
span{X, /X} and span{ Y, JY}. On the other hand, in the Kahler-Einstein case, we 
notice that Theorem [TTJ] remains true if we weaken the assumption to positivity 
of orthogonal bisectional curvatures. See the proof of Theorem 5 in [GKj, p. 232, 
where the authors prove that the Einstein constant is a positive constant multiple 
of any of the orthogonal bisectional curvatures H(X,JX), H(X,Y) or H(X,JY). 
Thanks to F. Belgun for this remark. 



3 Page metric and Flat bundles 

In this section we will show that the Page metric is not of positive holomorphic 
bisectional curvature by explicitly analyzing its submanifolds. This metric is dis- 
covered by D. Page in flPagl as a limiting metric of Kerr-de Sitter solution. It is 
the unique Einstein-Hermitian non Kahler metric on the blow up of complex pro- 
jective plane. One can first think of the following metric on the product S 3 x I 
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where I = [0, n], 



2 rf \f 2 2\ Csin 2 r 2 



g := V(r)dr< +f(r)(pi + of) + -y^-a 



where the functions 



TT/ N 1 — fl 2 cos 2 r 

V(r) 



3 — a 2 — a 2 (l + a 2 ) cos 2 r 
/( r > = 3 + 6^- a -» ' 1 -" 2ms2r ) 

t r i/C r 2r< 7 3 are standard left invariant l-forms on the Lie group SU(2) ~ S 3 , and fl 
is the unique positive root of a 4 + 4a 3 — 6a 2 + 12a — 3 = 0. 

At the endpoints r = and re, the metric shrinks to the round metric on 
S 2 . Thus, g descends to the metric gp age on the quotient (S 3 x J)/~ where ~ 
identifies the fibers of the Hopf fibration p : S 3 — > S 2 on the two ends S 3 x {0} and 
S 3 x {n} of the cylinder S 3 x I. The resulting manifold is indeed the connected 
sum CP2t)CP2. See MKocIl for a mathematical exposition of the Page metric for 
further details. 

We would like to use the following theorem of Dragomir and Grimaldi. See the 



book MDOI1 on locally conformal Kahler (l.c.K.) geometry p. 157 for an exposition. 



Theorem 3.1 ([DG]). Let S be a complex submanifold of the l.c.K. manifold M. If M 
has positive holomorphic bisectional curvature everywhere, then the normal bundle of the 
given immersion S C M admits no parallel sections. 

In order to make use of this theorem, we need to analyze the complex sub- 
manifolds of CP2UCP2. For this purpose we use Euler angles |Zha[ on the S 3 C P 4 
which e.g. realizes the Hopf fibration in the best. 

<9 <n, 0<(p <2n, 0<i/?<4tt 

e ip + 4> 



x\ := r cos - cos 
%2 := ;/ sin 

. e 

Xo. := rsm - cos 

6 2 
Xq := " sin 



2 2 

f±± 
2 

6 tb-d> 

- cos 1 

2 2 
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where the Hopffibration in these coordinates is just a projection [FIPJ, 

h:S 3 — > S 2 , h(9,ip,(p) = (-(p,9). 

Here the exchange (p < — > 6 is needed to relate to the calculus angles on S 2 . 
Changing ip does not change the element in the image. So, whenever the image 
(p, 6 is fixed, ip parametrizes the Hopf circle (fiber). 

An orthonormal, invariant coframe {ox, 02,03} on S 3 is given as follows: 

Oi = (xidxo — xodxi + x^dx^ — x^dx^/r 2 = (sintpdO — sin 6 cos tpdcp)/ 2 
02= (xidxo — xodx2 + x^dx\ — x\dx^)/r 2 = (— cos tpd6 — sin 8 sin tpdcp)/ 2 
03= (x^dxo — xodxs + Xidx2 — X2dxi) / r 2 = (dtp + cos 8 dcp)/ 2 

One can check in a straightforward manner the identities 

dai = 2o 2 A 03 and of + of = (dd 2 + sin 2 6d(p 2 ) /4. 
Plugging these into the Page metric's expression we get 

x r , 9 If.?/, C sin 2 r cos 2 #1,9 C sin 2 r , 9 C sin 2 r cos . , , , , . 
gPage = ^ 2 + I J sin 2 + ^ |d^ 2 + -^ydip 2 + w{r) (dip ®dcp + dcp® dip). 

Letting U := y/Vfr), h := y/f, D := \/C we have the Vierbein i.e. orthonormal 
coframe 

{e°,e\e 2 ,e 3 } = j IMr, |sin0(<ty + ^0 } 



Now we are in a position to analyze some of the subsurfaces easily HSMllAndj 



For example keeping tq,8q fixed and varying ip,(p, one obtains tori. We are in- 
terested in complex submanifolds. For this purpose, this time keep cpo, 8q fixed, 
vary r, ip to obtain complex spheres i.e. rational curves as follows. This captures 
a series of nearby Hopf fibers corresponding to r G [0, n] hence a cylinder S 1 x I 
inside S 3 x I which projects to a sphere under Hopf identification of circles at 
the two ends. These are complex submanifolds, since they correspond to fibers 
coming from Hirzebruch Surface description/ fibration. This follows easily by re- 
calling that the complex line bundle 0(1) over CPj can also be described as the 
quotient 

(S 3 xC)/oc where (x,z) oc (Ax,Az), A e S 1 C C. 
There is an obvious diffeomorphism between 

(S 3 x[0,tt)) (S 3 x[0,oo)) 3 

— « — and (9(1) = (S xC) / oc; 
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and under this map the quotient of the cylinder in the previous paragraph is 
mapped to the complex fiber of the complex line bundle 0(1) over the point 
(<pO/Oo) ^ CP]_. Adding the remaining point at infinity shows that the quotient 
of the cylinder in (S 3 x I)/ ~ corresponds to the Hirzebruch fiber of the first 
Hirzebruch surface P(0®0(1)) — > CPi. These fibers are obvously complex 
rational curves. The Hopf spheres at the two ends of S 3 x I correspond to 0, oo- 
sections of this fibration 

CPi -> CP 2 ttCP2=P(0©0(l)) 

I 

CPi 



Now let's find the curvature of the normal bundle of these fibers. Finding 
nontrivial connection l-forms of the Page metric as 

<v\ = (Ucotr-U)e 1 , co 2 '$ = hh^U^e 2 ' 3 , cv 2 3 = Ih^coiQe 2 . 

Finding the connection l-forms of the normal plane bundle of the spheres we are 
working on as [EGHf, 

®\ = wl ol( e V 3 ) = (LTcotr- ^e 1 !^) = 0. 

The rest of the connection l-forms remain. Here the submanifold directions are 
0, 1 and normal bundle directions are 2, 3. Since 9 = 6q is constant (together with 
(po), the curvature 2-form of the normal bundle NCPi can be computed as, 

R 2 3 = dcd 2 3 + cd 2 i A Q { 3 = d{2h~ l cotde 2 ) = - sin6d6 A {dtp + dcp) = 0. 

So that the normal bundle of this sphere is flat. Then the parallel translation 
on this sphere depends only on the homotopy class, which is unique because of 
simple-connectivity. Hence parallel translation is totally path independent. Now 
starting with two linearly independent vectors of the normal bundle at a point, 
one extends them by parallel translation to the whole sphere. Since lengths are 
preserved during the process, these extensions are nowhere vanishing. So we 
obtain two parallel sections of the normal bundle. Two nowhere zero sections of a 
plane bundle trivializes it, so we have a trivial, flat normal bundle. We are ready 
to state the main result of this section. 



Theorem 3.2. The holornorphic bisectional curvature of the Page metric on CP2HCP2 is 
not everywhere positive. 

Proof. The spheres above are complex submanifolds and the Page metric is con- 
formally Kahler so certainly l.c.K. Their normal bundle has nontrivial parallel 
sections so can apply Theorem [371] □ 
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